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1. Introduction 

There are several generalizations of the differential calculus of differential forms 
in the non-commutative setting [4], [12], [13], [6], [3]. Wc concentrate here on the 
differential calculus based on derivations as generalizations of vector fields, [6]. 

Let us recall what are the the relevant notions of differential forms in this con- 
text. Let A be an associative algebra with a unit 1. As usual wc think of ^ as a 
generalization of an algebra of smooth functions. Then it is natural to consider the 
Lie algebra Der(^) of all derivations of A with values in A, i.e. of all infinitesimal 
automorphisms of A, as a generalization of the Lie algebra of vector fields. Alter- 
natively, for an 'invariant' theory one may prefer to use the Lie algebra Out(A) of 
all derivations of A modulo the inner derivations. Then Out (A) is Morita invari- 
ant and it also coincides with the Lie algebra of all vector fields in case that A is 
the algebra of smooth functions on a manifold. As for the commutative case (see 
[14]) the notions of differential forms can be extracted from the differential algebra 
C(Der(v4), A) of Chcvallcy-Eilcnberg cochains of the Lie algebra Dcr(A) with values 
in the Der(y4.)-module A. There are then two natural generalizations of the graded 
differenial algebra of differential forms: A minimal one, Cl-DeiiA), which is the small- 
est differential subalgebra of C(Dei{A), A) which contains A = C"(Dcr(A), ^4). 
And a maximal one, Qj^^^{A) = C^(^)(Der(A), which consists of all cochains 
in C(Der(^),^) which are module homomorphisms for the module structure of 
Der(j4) over the center Z{A) of A. In order to pass to the corresponding notions 
for Out(A) we notice that there is a canonical operations, in the sense of H. Car- 
tan [1], [2], X I— > ix for X g Der (A), of the Lie algebra Der (A) in the graded 
differential algebra C(Der(A), A). Both f^DcrC^) and floerC^) = Cz{a){^ct(A), A) 
are stable under this operation and we define f2out(^) and ilout(^) ^^o be the 
differential subalgebras of f2Der(^) and QrQ^^{A) consisting of all elements which 
are basic with respect to the corresponding operation of the ideal Int(^) of in- 
ner derivations of Der(A); one defines similarly Cout(A)(Der(A), A). These graded 
differential algebras are also obvious generalizations of differential forms. Notice, 
however, that in contrast to ^y^cAA) and QrQ^^{A) there is in general no differential 
calculus starting with A in these algebras, since they do not contain A but merely its 
center Z{A) = = = Cg„^(^)(Der(A), A). The differential algebra 

Cout(A)(Der(^), A) turns out out to be the differentail algebra C(Out(A), Z{A)) of 
all cochains of the Lie algebra Out (A) with values in the center Z{A), which is an 
Out(^)-module. Under this identification Qout(^) becomes the differential algebra 
Cz(A){OvLt{A), Z{A)) of Z(v4)-multilincar cochains. This implies that flQy|.(^) is 
a Morita invariant generalization of the differential algebra of differential forms. 
C(Out(^), Z{A)) is of course also Morita invariant. 

We shall develop the theory in several directions. Firstly, we shall show that 
the derivation d : A ^ ^Der(^) universal for the derivations of ^ in a category 
of bimodules containing all bimodules which are isomorphic to sub bimodules of 
arbitrary products of A considered as a bimodule.: As suggested by A. Connes, 
we call these last bimodules diagonal bimodules. This means that when one re- 
stricts attention to the above catory of bimodules containing the diagonal ones, the 
universal property of the universal derivation d : A ^ factors through the 

canonical surjective bimodule homomorphism ( : ^1^{A) — » ^^^^^{A). 
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Secondly, we shall generalize for these differential forms the Frolicher-Nijenhuis 
calculus for vector valued differential forms. As generalization of the space of vector 
valued differential forms we shall consider Dev{A, llDor(^)) in the case of ODor(^), 
and Der(A, in the case of flj~,^^{A), etc. For the universal differential 
envelopping algebra ^1{A) of A, the generalization of the Frolicher-Nijenhuis bracket 
has already been introduced on Der(A, i^(A)) in [3], and we shall also define such a 
generalization for Der(A, C(Der(A), A)) = C(Der(j4), Der(j4)). The generalizations 
proposed are natural, so that under the sequence of homomorphisms and inclusions 
of graded differential algebras 

n{A) ^ f^Der(A) C [LueM) C C(Der(^), A) 

the corresponding sequence 

Der(A,n(A)) ^ Der(A, nDer(^)) C Der(A,ilDg,(A)) c Der{A,C{Bei{A), A)) 

is a sequence of homomorphisms for the generalized Frolicher-Nijenhuis brackets. 
Moreover we present here a novel approach to the Frolicher-Nijenhuis bracket, which 
uses the Chevalley coboundary operator for the adjoint representation and which 
works also in other situations, see the proofs of 5.7 and 5.8. 

Since it is useful to have a theory which is well suited to topological algebras 
we develop from the beginning the whole theory in the setting of convenient vector 
spaces as devcloppcd by Frolicher and Kriegl. The reasons for this are the following: 
If the non-commutative theory should contain some version of differential geometry, 
a manifold M should be represented by the algebra C°° (M, M) of smooth functions 
on it. The simplest considerations of groups need products, and C°°{M x N,M.) is 
a certain completion of the algebraic tensor product C°° (M, R) ig) C°° {N, M) . Now 
the setting of convenient vector spaces offers in its multilinear version a monoidally 
closed category, i.e. there is an appropriate tensor product which has all the usual 
(algebraic) properties with respect to bounded multilinear mappings. So multilinear 
algebra is carried into this kind of functional analysis without loss. The theory of 
convenient vector spaces is sketched in the first section 2. 

We note that all results of this paper also hold in a purely algebraic setting: 
Just equip each vector space with the finest locally convex topology, then all linear 
mappings are bounded. 

2. Convenient vector spaces 

2.1. The traditional differential calculus works well for Banach spaces. For more 
general locally convex spaces a whole flock of different theories were developed, each 
of them rather complicated and none really convincing. The main difficulty is that 
the composition of linear mappings stops to be jointly continuous at the level of 
Banach spaces, for any compatible topology. This was the original motivation for 
the development of a whole new field within general topology, convergence spaces. 

Then in 1982, Alfred Frolicher and Andreas Kriegl presented independently the 
solution to the quest for the right differential calculus in infinite dimensions. They 
joined forces in the further development of the theory and the (up to now) final 
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outcome is the book [9]. See also the forthcoming book [17], or [15], [16] for the 
material presented in this section. 

The appropriate spaces for this differential calculus are the convenient vector 
spaces mentioned above. In addition to their importance for differential calculus 
these spaces form a category with very nice properties. 

In this section we will sketch the basic definitions and the most important re- 
sults concerning convenient vector spaces and Frolicher-Kriegl calculus. All locally 
convex spaces will be assumed to be HausdorfF. 

2.2. The c°°-topology. Let £^ be a locally convex vector space. A curve c : R ^ 
E is called smooth or C°° if all derivatives exist (and are continuous) - this is a 
concept without problems. Let C°°(]R, E) be the space of smooth curves. It can be 
shown that C°°{R,E) does not depend on the locally convex topology of E, only 
on its associated homology (system of bounded sets). 

The final topologies with respect to the following sets of mappings into E coin- 
cide: 

(1) C°°{R,E). 

(2) Lipschitz curves (so that : t ^ s} is bounded in E). 

(3) {Eb E : B bounded absolutely convex in i?}, where Eb is the linear 
span of B equipped with the Minkowski functional pb{x) := inf{A > : 
X G XB}. 

(4) Mackey-convergent sequences a;„ — > a; (there exists a sequence < A„ oo 
with Xn{Xn — x) bounded). 

This topology is called the c°° -topology on E and we write c°°E for the resulting 
topological space. In general (on the space V of test functions for example) it 
is finer than the given locally convex topology; it is not a vector space topology, 
since addition is no longer jointly continuous. The finest among all locally convex 
topologies on E which arc coarser than the c°°-topology is the bornologification of 
the given locally convex topology. If is a Frechet space, then c°°_E = E. 

2.3. Convenient vector spaces. Let E he a. locally convex vector space. E is 
said to be a convenient vector space if one of the following equivalent conditions is 

satisfied (called c°°-completeness): 

(1) Any Mackey-Cauchy-sequence (so that (a;„ — Xm) is Mackey convergent to 
0) converges. 

(2) If B is bounded closed absolutely convex, then Eb is a Banach space. 

(3) Any Lipschitz curve in E is locally Riemann integrable. 

(4) For any ci e C°°{R,E) there is C2 S C°°{R,E) with ci = 4 (existence of 
antiderivative). 

Obviously c°°-completeness is weaker than sequential completeness so any se- 
quentially complete locally convex vector space is convenient. Prom 2.2.4 one 
easily sees that c°°-closed linear subspaces of convenient vector spaces are again 
convenient. We always assume that a convenient vector space is equipped with its 
bornological topology. 

2.4. Lemma. Let E be a locally convex space. Then the following properties are 
equivalent: 

(1) E is c°° -complete. 
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(2) If f -.R^ E is scalarwise Lip'", then f is Lip*", for k > 1. 

(3) If f -.R^ E is scalarwise C°° then f is differentiable at 0. 

(4) If f -.R^ E is scalarwise C°° then f is C°° . 

Here a mapping / : M — > is called Lip'° if all partial derivatives up to order k 
exist and are Lipschitz, locally on R. f scalarwise C°° means that A o / is C°° for 
all continuous linear functional on E. 

This lemma says that on a convenient vector space one can recognize smooth 
curves by investigating compositions with continuous linear functional. 

2.5. Smooth mappings. Let E and F be locally convex vector spaces. A map- 
ping f -.E^ Fis called smooth or C°°, if / o c G C~(M, F) for all c G C°°(M, E); 
so /* : C°°{R,E) C°°{R,F) makes sense. Let C°°{E,F) denote the space of all 
smooth mappings from E to F. 

For E and F finite dimensional this gives the usual notion of smooth mappings. 
Constant mappings are smooth. Multilinear mappings are smooth if and only if 
they arc bounded. Therefore we denote by L{E, F) the space of all bounded linear 
mappings from E to F. 

2.6. Lemma. For any locally convex space E there is a convenient vector space 
E called the completion of E and a homological embedding i : E ^ E, which is 
characterized by the property that any bounded linear map from E into an arbitrary 
convenient vector space extends to E. 

2.7. As we will need it later on we describe the completion in a special situation: 

Let £■ be a locally convex space with completion i : E ^ E, f : E ^ E a, bounded 
projection and f : E ^ E the prolongation of io f. Then / is also a projection and 
f{E) = ker{Id — /) is a c°^-closed and thus convenient linear subspace of E. Using 
that f{E) is a direct summand in E one easily shows that f{E) is the completion 
of f{E). This argument applied to Id — f shows that ker(/) is the completion of 
ker(/). 

2.8. Structure on C°°{E, F). We equip the space C°°(M, E) with the bornologi- 
fication of the topology of uniform convergence on compact sets, in all deriva- 
tives separately. Then we equip the space C°° {E, F) with the bornologification 
of the initial topology with respect to all mappings c* : C°°{E,F) C°°{R,F), 
c*{f) :=foc, for all c G C°°(M, E). 

2.9. Lemma. For locally convex spaces E and F we have: 

(1) If F is convenient, then also C°°{E, F) is convenient, for any E. The space 
L{E,F) is a closed linear subspace of C°°{E,F), so it is convenient also. 

(2) // E is convenient, then a curve c : M — » L{E, F) is smooth if and only if 
t ^ c{t){x) is a smooth curve in F for all x G E. 

2.10. Theorem. The category of convenient vector spaces and smooth mappings 
is cartesian closed. So we have a natural bijection 

C°° {E xF,G)^ C°° {E, C°° {F, G) ) , 

which is even a diffeomorphism. 

Of course this statement is also true for c°°-open subsets of convenient vector 
spaces. 
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2.11. Corollary. Let all spaces be convenient vector spaces. Then the following 
canonical mappings are smooth. 

ev:C°°{E,F)xE^F, ev{f,x) = f{x). 

ms:E^ C'^{F,Ex F), ins{x){y) = {x,y). 

( r:C^{E,C'^{F,G))^C'^{ExF,G), f{x,y) = f{x){y). 

( Y ■.C^{ExF,G)^C°°{E,C^{F,G)), g{x){y) = g{x,y). 

comp : C°°(F, G) x C°^{E, F) C°°{E, G) 

C°°( , ):C'^{F,F')xC'^{E',E)->C°^{C'^{E,F),C°^{E',F')) 
if, g)^ {h^ f ohog) 

n : n^°°(^-^0 - C^{^E,,X{Fi) 



2.12. Theorem. Let E and F be convenient vector spaces. Then the differential 
operator 

d:C°°{E,F) ^C°°{E,L{E,F)), 

.fl . y f{x + tv)-f{x) 

df(x)v := lim — 

exists and is linear and bounded (smooth). Also the chain rule holds: 

d{f o g){x)v = df{g{x))dg{x)v. 



2.13. The category of convenient vector spaces and bounded linear maps is com- 
plete and cocomplete, so all categorical limits and colimits can be formed. In 
particular we can form products and direct sums of convenient vector spaces. 

For convenient vector spaces Ei, ... ,i?„ and F we can now consider the space 
of all bounded n-lincar maps, L{Ei, . . . , i?„; F), which is a closed linear subspace 
of C°^{YYi^i Ei, F) and thus again convenient. It can be shown that multilinear 
maps are bounded if and only if they are partially bounded, i.e. bounded in each 
coordinate and that there is a natural isomorphism (of convenient vector spaces) 
L{Ei, . . . , £"„; F) = L{Ei, . . . , E^; L{Ek+i- . . . , F)) 

2.14. Theorem. On the category of convenient vector spaces there is a unique ten- 
sor product which makes the category symmetric monoidally closed, i.e. there are 
natural isomorphisms of convenient vector spaces L{Ei] L{E2, E^)) = L[Ei®E2, E^)^ 
Ei®E2 = E2®Ei, Ei'^{E2'S>E3) ^ {Ei^E2)®E^ and E^'R ^ E. 

The tensor product can be constructed as follows: On the algebraic tensor prod- 
uct put the finest locally convex topology such that the canonical bilinear map from 
the product into the tensor product is bounded and then take the completion of 
this space. 
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2.15. Remarks. Note that the conclusion of theorem 2.10 is the starting point 
of the classical calculus of variations, where a smooth curve in a space of functions 
was assumed to be just a smooth function in one variable more. 

If one wants theorem 2.10 to be true and assumes some other obvious properties, 
then the calculus of smooth functions is already uniquely determined. 

There are, however, smooth mappings which are not continuous. This is un- 
avoidable and not so horrible as it might appear at first sight. For example the 
evaluation x £" ^ R is jointly continuous if and only if E is normablc, but it 
is always smooth. Clearly smooth mappings are continuous for the c°°-topology. 
For Frechet spaces smoothness in the sense described here coincides with the usual 
notion of C°°. 

2.16. Lemma. [3], 2.7. Let A be a convenient algebra, M a convenient right A- 
module and N a convenient left A-module. This means that all structure mappings 
are bounded bilinear. 

(1) There is a convenient vector space M®aN and a bounded bilinear map 
b : M X N ^ M®aN , (m, n) ^ m ®a n such that b{ma, n) = b{m, an) for 
all a & A, m G M and n & N which has the following universal property: 
If E is a convenient vector space and f : M x N ^ E is a bounded bilinear 
map such that f(ma,n) = f(m,an) then there is a unique bounded linear 
map f : M®aN —>■ E with fob = f. 

(2) Let L^{M, N; E) denote the space of all bilinear bounded maps f : M x 
N ^ E having the above property, which is a closed linear subspace of 
L{M,N;E). Then we have an isomorphism of convenient vector spaces 
L^{M, N; E) ^ L{M®aN, E). 

(3) // B is another convenient algebra such that N is a convenient right B- 
module and such that the actions of A and B on N commute, then M^aN 
is in a canonical way a convenient right B-module. 

(4) // in addition P is a convenient left B-module then there is a natural iso- 
morphism of convenient vector spaces 

M®a{N®bP) = {M®aN)®bP 

2.17. Remark. In the following all spaces will be convenient spaces, and all mul- 
tilinear mappings will be bounded, even if not stated explicitly. This includes the 
purely algebraic theory, where one just equips each vector space with its finest 
locally convex topology, because then each multilinear mapping is bounded auto- 
matically. 

3. Preliminaries: graded differential algebras, 
derivations, and operations of lle algebras 

3.1. Graded derivations. Let 21 = ^j^^j^'Qi^ be a graded associative alge- 
bra with unit, so that 2t'=.2t' C 21'=+'. We denote by Der^ 21 the space of all 
(graded) derivations of degree fc, i.e. all linear mappings : 21 — > 21 with Z)(2l') C 

21''+' and D{ip A ip) = D{(p) A ip -\- (-1)''^ A D{ip) for ip G 21'. Then the space 
Der2t = 0^ Deri,2l is a graded Lie algebra with the graded commutator [Di, D2] := 
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Dio D2 - (-l)'=i'=2£)2 o Di as bracket. This means that the bracket is graded 
anticommutative, [£>i,D2] = — (— l)'^^'^^[i?2,-Di], and satisfies the graded Jacobi 
identity 

[Du[D2,Ds]] = [[£>i,£'2],£'3] + (-l)'^'n£'2,[i5i,£>3]] 

(so that ad{Di) = [Di, ] is itself a derivation of degree ki). 

Let Z(2t)« = {a e a'? : [a, b] = ab - (-l)9'&a = for all 6 G a' and all p e Z} 
and consider the graded center Z{Ql) = 0ggz Zi^y of 2t, a graded commutative 
algebra with unit, which is stable under Der(2t). Then Der(2t) is a (left) graded 
Z(a)-module and we have [a.£>i,-D2] = a.lD^^D^] - {-l)^'>+''^'>''^D2{a).Di. 

3.2. Graded differential algebras. In this paper, a graded differential algebra 
is Z-graded associative algebra 2t = 0;j£z 21*^ equipped with a graded derivation d 
of degree 1 with d^ = 0. It is called the differential of 2t. 

3.3. The graded differential algebra of universal differential forms. Let A 
be a convenient associative algebra with unit, and let {fl*{A), d) be the convenient 

graded differential algebra of (universal) (Kahlcr) differential forms, see for example 
[3]. Let us repeat quickly its construction: ^1^{A) is the kernel of the multiplication 
fi : A^A — > A, a convenient ^-bimodule. The bounded linear mapping : A — > 
fi^(A), given by d{a) = l(g)a — a®!, has the following universal property, and the 
pair {n^{A),d) is uniquely determined by it: 

(1) For any bounded derivation D : A ^ N into a convenient A-bimodule A'' 
there is a unique bounded A-bimodule homomorphism jn : Q^{A) — > A'' 

such that D — jjj o d. 

We put n°{A) := A, and for A; G Z we define n''{A) := n^{A)^A ■ ■ ■ ^A^^iA) {k 
factors). There is a canonical extension of d : A^ Q,^{A) to a bounded derivation 
of differential of graded algebra, i.e. a bounded derivation degree 1 satisfying = 0. 

A i n\A) i n^{A) ^ n'{A) i . . . 

and the resulting convenient gradc^d differential algebra has the following universal 
property and is uniquely determined by it: 

(2) For any bounded homomorphism (f : A ^ B of convenient algebras and for 
any convenient graded differential algebra {B = B'^, d^) with Bq = B 
there exists a unique extension of ip to homomorphism ^{A) B oi graded 
differential algebras. 

3.4. Let A be a convenient associative algebra with unit, and denote its center by 
Z{A). Let Der(A) = {X & L{A,A) : X{ah) = X{a)h+aX{b) for all a,h e A} be 
the convenient Lie algebra of all derivations of A. Note that Der(A) is a bounded 
module over the center Z{A) of A only, with the usual formulas [X, oY] = X{a).Y + 
a[X, F], etc. Let q denote a convenient Lie algebra, which acts on A by derivations, 
i.e. there is a bounded Lie algebra homomorphism g — > Der(A). 

We consider now the (Chevalley) graded differential algebra of q with coefficients 
in A, which is given as follows. Let C'^Iq.A) :— L^^^^^{q,A) denote the convenient 
vector space of all bounded A;-linear (over R) skew symmetric mappings g'^ — > A. 
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Let C°{g,A) — A. We put: 

C{q, A) : = C"^(b, A) = LLw(fl, A), 

k>0 k>0 

k 

d>p{Xo, . . . : = ^(-l)^X,(^(Xo, ...,Xi,.. . 

i=0 

+ J2{-'^y+^v^{[Xi,Xj],Xo, ...X,...,Xj,... ,Xk), 

i<j 

{ip.il;){Xi,...,Xk+i) = fein X] ^^^^^■'fiiXai, . . . ,x^k)-tp{x:„(k+i), ■ ■ ■ ,x^(k+i))- 

Then (C(fl, is a graded diflFerential algebra. It is a graded commutative dif- 

ferential algebra if and only if A is commutative. 

3.5. If is a convenient Lie algebra and if (21, d) is a graded differential algebra, 

an operation in the sense of Cartan of g in 21 is a linear mapping g Dcr_i(2l), 
written X ix, such that for £x := ix d + dix = [ix,d] & Dero(2t) we have for 
all X,Y €q: 

ix iy + iYix = [ix, iy] = 

C^Xiiy — iy — [-^x, «y] — ^x,Y]■ 

£x , £y — C,Y Cx = i^x , ^y] = ^[X,Y] ■ 
An element a e 21 is called horizontal with respect to g whenever ixcx = for all 
X £ g; it is called invariant with respect to g if Cxct = for all X G g; and a is 
called basic if it is both horizontal and invariant. 

The convenient space 2lff of horizontal elements of 21 is a graded subalgebra of 
2t which is stable under Cx for all X <E Q. The convenient space 21/ of all invariant 
elements is a graded differential subalgebra of (21, d), and the convenient space 2tB 
of all basic elements is a graded differential subalgebra of 21/, thus also of 21. 



4. Derivations on universal differential forms 

4.1. Let A be a convenient associative algebra with unit, and let {^*{A),d) be the 
convenient graded differential algebra of universal differential forms as described in 
3.3. In this section wc review from [3] the description of all graded derivations on 
the graded differential algebra Q*{A). This lead directly to what we like to call the 
'calculus of Prolicher-Nijenhuis'. 

4.2 Derivations vanishing on A. For every derivation X G Der(yl) there exists 

a bounded A-bimodulc homomorphism jx ■ fl^{A) A, by the universal property 
3.3.(1). It prolongs uniquely to a graded derivation j{X) = jx '■ ^{A) Q{A) of 
degree —1 which is called the contraction operator of the derivation X. 

More generally, let us consider a graded derivation D E Dcrfe(17*(A)) of degree 
k which vanishes on. A, D \ f2°(A) = 0. Such derivations are called algebraic 
derivations: they form a Lie subalgebra of Der{^l* (A)). Then D{au)) = aD{uj) 
and D{u)a) = D{uj)a for a G A, so D restricts to a bounded bimodule homomor- 
phism, an element of Yiom'X{^\A),n'-+''{A)). Since ^^{A) for / > 1 is generated 
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by 0^(A), the derivation D is uniquely determined by its restriction Z)|f2^(A) € 
B.oxr,^{n\A),n^+^{A)). 
Let us denote by 

K := {D\n\A)) ode Der(A, il'^+^A)) 

the corresponding derivation on A. We write D = j{K) — Jk to express the unique 
dependence of D on K. Note the defining equation jK{ai-d{a2)-a3) = ai.K{a2)-a3 
for ai G A. 

Conversely for K G Dcr(^, (A)) with corresponding homomorphism Jk € 
Romi{n^{A),n''+^{A)) and LJ^ G H^{A) the formula 

e 

jxicoo ■ • • coe) = ^(-l)'''a;o • • • jxicoi) (8>a • • • Wfc 

i=0 

defines an algebraic graded derivation Jk € Derfef2(yl) and any algebraic derivation 
is of this form. The mapping 

j : Der(A,f^'=+i(^)) ^ Derfef^(^) 

induces an isomorphism of convenient vector spaces onto the closed linear subspace 
of Deik^{A) consisting of all graded bounded derivations which vanish on A. 

By stipulating j{[K,L]^) := [jicii] we get a bracket [ , ]^ on the space 
Der(j4, J7*+^(v4)) which defines a convenient graded Lie algebra structure with the 
grading as indicated, and for K G DeT{A,ft''+^{A)), and L G DeT{A,n'^+^ (A)) we 
have 

[K,L]^ =jKoL-{-l)'^'jLoK. 

[ , ]^ is a version of the bracket of Gerstenhaber, De Wilde - Lecomte, see [10], 
[11], and [5]. 

4.3. Lie derivations and the Frolicher-Nijenhuis bracket. The exterior de- 
rivative d is an clement of DcriO(A). We define for K G Der(A, the Lie 
derivation Lk = ^{K) G Deik^{A) by 

jOk := \jKA= JKd djK. 

Then the mapping C : Dei{A,n*{A)) — > Der*il(A) is obviously bounded and it 
is injcctive by the universal property of fl^(A), since Ckcl = jKda = K{a) for 
a e A. Note that Ck is an extension of the derivation K : A ^ ^l''{A) to a graded 
derivation of the graded algebra Q,*{A) of degree k. 

Lemma. [3], 4.7. For any graded derivation D G Derfcr2(j4) there are unique 
homomorphisms K G Dev{A,^'^{A)) and L G 'Dev{A,Q!'^^ {A)) such that 

D = Ck+3l. 

We have L = if and only if [D, d] = 0. D is algebraic if and only if K = 0. □ 

Note that jdUJ = kuj for to G ^'^{A). Therefore we have CdOJ = jddiv — djdU) = 
{k + l)dLO — kdu = du. Thus £d = d. 
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Let K e Der(A,f2*=(A)) and L e Der(A, Then obviously [[Ck^ClIA = 

0, so we have 

[C{K),C{L)]^C{[K,L]) 

for a uniquely defined [K,L\ S Dcr(j4, This vector valued form [K,L\ is 

called the (abstract) Frdlicher-Nijenhuis bracket of K and L. 

The space I)ev{A,n*{A)) = ^i^Bev{A,n''{A)) with its usual grading and the 
Prolicher-Nijenhuis bracket is a convenient graded Lie algebra, d e Der{A,Q^{A)) 
is in the center, i.e. [K,d] ~ for all K, sec [3], 4.9. 

£ : (Dei {A, ft* (A)), [ , ]) ^ DeiQ{A) is a bounded injective homomorphism 
of graded Lie algebras. For K e Der(A, n''{A)) and L e Der(^, n'+'^{A)) we have 

(1) [£K,jL]=m,L]) - {-irCijLoK). 
For e Der(Af^''*(^)) and Lj e Der(A, we have 

(2) + iii , ^if 2 + ii2 ] = 

= C{[Ki, K2] + 3L, o K2 - jL, o Ki) 

+ i{[LuL2f + [K,,L2] - [K2,L,]) . 

Each summand of this formula looks like a semidirect product of graded Lie alge- 
bras, but the mappings 

:Der(Afi*-'(A)) ^EndK(Der(A,f2*(A)),[ , ]) 
ad : Dei(A, n*{A)) ^ EndK(Der(74, [ , ]^), 
a.dKL=[K,L], 

do not take values in the subspaces of graded derivations. We have instead for 
K G Der(A, n''{A)) and L e Der(A, the following relations: 

(3) jL o [K, , K2] = \jLoKuK2] + {-lf'^ [K^ , jL o K2] 

- ((-l)'=^'j(adK, L)oK2- j(adK2 L) o K^) 

(4) adx[Li,L2]^ = [adKii,L2]^ + {-lf'''[LiMKL2]'^- 

- ({-if^^ ad(.7(Li) o K)L2 - ad(j(i2) o K)L^) 

4.4. Naturality of the Frolicher-Nijenhuis bracket. Let / : A — » B be a 

bounded algebra homomorphism. Two elements K e Der(A, r2'^(A)) and K' e 
Der(B, r2^(S)) are called f -related or f -dependent, if we have 

(1) K'of = n\f)oK:A^^\B), 

where ^*{f) : il*{A) Q*{B) is given by the universal property 3.3.(2). From [3], 
4.12. we have the following results: 

(2) If K and K' as above are /-related then Jk' o = ^{f) ° Jk '■ ^{A) — > 
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(3) If Jk' o n{f)\d{A) = Q{f) o jK\d{A), then K and K' are /-related, where 
d{A) c i}^{A) denotes the space of exact 1-forms. 

(4) If Kj and Kj are /-related for j = 1,2, then Jki ° K2 and jV; ° K'2 are 
/-related, and also [Ki,K2\^ and [K[^K!2\^ are /-related. 

(5) If K and K' are /-related then Ck' o n{f ) = f7(/) o Ck : ^ ^{B). 

(6) If o n{f) I = fi(/) o Ck I then K and if' are /-related. 

(7) If Kj and j are /-related for j = 1,2, then their Prolicher-Nijenhuis brack- 
ets [iiri,iir2] and [iir(,iir2] are also /-related. 

5. The Frolicher-Nijenhuis calculus on Chevalley type cochains 

5.1. Let A be a convenient associative algebra with unit, with center Z{A), and 
with convenient Lie algebra of derivations Der(^) = {X G L{A,A) : X{ab) = 
X{a)b + aX{b) for all a,b G A}, a bounded module over the center Z{A) of A. 
We consider now the (Chevalley) graded differential algebra of Der(A) (see 3.4) 
which is given as follows. Let C'^(Der{A), A) :— L^^^^(DeT{A) , A) denote all boun- 
ded fc-linear (over M) skew symmetric mappings Der(A)'^ A, and let denote 
C|(^^-)(Der(A), ^) denote the subspace of those mappings which are fc-linear over 
Z{A). Let C°{BeT{A),A) := A. We put: 

C{Ber{A),A) : = C*^(Der(A), A) = 0iL^(Der(A), A), 

k>0 k>0 
k 

difiXo, ...,Xk): = 5^(-l)'Xi(^(Xo, ...,Xi,...,Xk)) 

i=0 

+ ^(-l)^+^"^([Xi, Xj],Xo, ...,Xi,---,Xj,--- ,Xk), 

i<j 

. . .,Xk+l) = M! signa.v?(X^i, . • • ,^<rfe)-V'(^<r(fe-M), • • ■,X„(k+l))- 

Then (C(Der(A), A), d) is a graded differential algebra. It is a graded commutative 
differential algebra if and only if A is commutative, li A = C°°{M) for a smooth 
manifold M then ((7(Der(A), A), d) is larger than the differential graded algebra 
used for the Gel'fand-Fuks cohomology of the manifold M. 
The subspace 

Cz(A)(Der(A), A) := 0C7|(^)(Der(^),^) 

fe>0 

is a graded differential subalgebra of (C(Der(A), A), d), which is convenient in the 
induced structure. 

Note that in general neither C(Der(A), A) not Cz{a) (Der(A), A) are functorial in 
A. Under strong asssumptions on A at least Cz{A) (Der(A), A) becomes a covariant 
functor in A: \i A = C°°(M, M) for a smooth finite dimensional second countable 
manifold M we get C2(^)(Der(74), ^4) = 0*(M), the usual graded commutative 
differential algebra of usual differential forms. 

The convenient structures on CiT)ev{A),A) and C2(A)(Der(A), ^4) make them 
useful as image spaces for constructions. 
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5.2. Insertion operators. For X e Der(^) we consider the insertion operator 

ix ■■ C*{Dei{A),A) C*-'^ {Dei {A), A), 
{ixu;){X,,...,Xk) :=oj{X,Xi,...,Xk), 

which is a derivation of degree —1 satisfying ix\C''\'Dci{A),A) = ix\A = 0. Note 
that ix maps the graded differential subalgebra C^^^) (Der(A), A) into itself. 

More generally, let K e C'=(Der(A), Der(A)) := L^kew(Der(A); Der(^)) be a 
bounded skew symmetric A;-linear mapping Der(^)'^+^ — > Der(A). Then we may 
define: 

iK : C\DeT{A),A) ^ &+''-\DeT{A),A) 

(1) {iKC0){Xu...,Xi+k-l) = 

= fc! X! sign{a)uj{K{X^i,...,X„k),X„^k+i),---) 

f6<S/s4.j_i 

Note that iido^.^A)^ = ^■'^ for ^ ^ C'(Der(.4), A). 

Lemma, ik is a derivation of degree fc — 1, G Derfe_i(C*(Der(A), A)). 
Proof. Clearly one may write 

(2) iiKu;){Xu...,Xi+k-i) = 

= {-'^y'^--^''-'^^{K{Xi,,...,Xi,),x,,...,jQ^,...,xZ,...). 

il<---<ik 

Using expression (2) one may check directly that then we have 

(3) [ixjiK] = iK{x....) = iixK for any X G Der(A). 

From (3) it is then easy to prove that for if e C^'(Der(A), A) and ip G C''{Bev{A), A) 
we have 

by induction on k + p + q. □ 

5.3. Remark. In general there exist more bounded graded derivations D in the 
space Der(C(Der(A), A)) which vanish on A, than just those of the form ik for 
some K G C(Der(A), Der(A)). We shall give an explicit description of all graded 

derivations on C(Der(v4), A) in section 6 below, but we will not extend the Frolicher- 
Nijenhuis calculus to this description: it is too complicated. 

5.4. Now let K G C''(Der(y4), Der(y4)) and L G C'(Der(A), Der(A)). Then for the 
graded commutator we have 

[ix, ih] =iKiL- iK = , where 

[K,L]^ = ikL - {-1)^''-^^^^-^\lK G C'=+'-i(Der(A),Der(A)) 

is the Nijenhuis-Richardson bracket, see [20], a graded Lie bracket on the graded 
vector space C*+^(Der(A), Der(A)). Here iL acts on C(Der(A),Der(A)) by the 
same formula as in 5.2.(1). 
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5.5. Lie derivations. For K G C'^(Der(yl), Der(j4)) let us now define the Lie 

derivation Ck along K by the graded commutator 

Ck = [iK,d]=iKd-{-lf-^diK e Derfe(C(Der(A),A)). 
Note that Cid^^_^^^^^ = d. 

5.6. Lemma. The Lie derivative of uj € C'(Der(^), A) along K is given by 
{CKtu){Xi, . . . , Xk+i) = 



+ ( fc! X] signa u!{[X„i,K{X„2, ■ ■ ^<T(fc+2), • • • ) 

- (fc-i)!(Vi)!2! 5Z signa (j{K{[X^i, X^2], X^s, . . . ), X^(fe+2), • • • ) j 

Proof. This can be shown by a direct computation starting from formula 5.2.(2). □ 

5.7. Proposition. Let K G C'=(Der(^), Der(^)) and L G C'(Der(A), Der(A)). 
Then for the graded commutator we have 

where [K,L] G C'^+'(Der(^), Der(^)) is given by the following formula 
(1) 

[K,L]{X,,... ,Xk+i) = 

~ MTT y^sig"'^ [K{Xf^i, . . . ,Xcrk),L{X^f^k+i),- ■ - ^X^^^k+l))] 
+ (-ir k\ ((-1)! signer L([Xct1, -ftr(Xo.2, • • • , -'^cr(fe+l))]) -''^cr(fc+2)) • • • ) 
~ ^h.-^\Ul-^\\■2\ sign a L{K{\X„x-,X„':^,Xrjo„ . . . ),^cr(/c+2), ■ • ■ ) 

cr 

~ (fc-i)!(;-i)!2! signer K{L{[X„i, Xa2], X^s, ■ ■ ■), X„(^i+2), ■ ■ ■) j ■ 

cr ' 

The bracket \K,1\ is called the Frdlicher-Nijenhuis bracket. It is a graded Lie 

bracket on C*(Der(^), Der(A)). 

Proof. The Chevalley coboundary operator for the adjoint representation of the Lie 
algebra Dcr(A) is given by 

dK{Xo,...,Xk)= J2 {-mX^,K{Xo,...,Xi,.■.,Xk)] 

0<i<k 

+ {-'^y+'K{[Xi,Xj],Xo,...,Xi,...,Xj,...,Xk), 

0<i<j<k 
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and it is well known that dd = 0. Then the Prolicher-Nijenhuis bracket (1) is given 

by 

(2) [K, L] = [K, LU + {-l)H{dK)L - {-lf'+'i{dL)K, 
where we have put 

(3) [i^,L]^(Xi,...,Xfc+0 = 

~ WA y^,sign((7)[ii:(Xo.i, . . .,Xcrk), L{Xcr(k+l),- ■ ■ , X^(^k+l))]Der(A)- 
a 

Formula (2) is the same as in [20], p. 100, where it is also stated that from this 

formula 'one can show (with a good deal of effort) that this bracket defines a graded 
Lie algebra structure'. Similarly wc can write the Lie derivative 5.6 as 

(4) £k = C^{K) + {-l)H{dK), 

where the action C of Der(A) on A is extended to £a '■ C(Der(^), Der(A)) x 
C(Dev{A),A) C(Dev{A),A) by 

(5) {jC^{K)u){X,,...,X,+k) = 

a 

Using (4) we see that 

(6) [Ck,jCl] = C^{K)C^{L) - {-lf'C;,{L)C,XK) 

+ i-l)h{dK)C4L) - {-l)'"+'^C4L)t{dK) 
- i-ir+HidL)C^{K) + i-iyC,.{K)z{dL) 
+ {-lf+^i{dK)i{dL) - {-l)''^+''+^i{dL)i{dK), 

and from (2) and (4) we get 

+ {-lfC^{i{dK)L) + {-lfi{di{dK)L) 

- {-lf^+^C;,{i{dL)K) - {-l)''^+H{di{dL)K). 

By a straightforward direct computation one checks that 

(8) C^{K)C^iL) - {~lfCr.{L)C;,{K) = ^^([i^,^]^). 

The expression C/\{L)uj looks like the 'wedge' product in 5.1 to the derivation iK 
of degree k. So we may apply lemma 5.2 and get 

(9) iKC^{L)u = £^{ikL)u + {-l)^''-^^'£^{L)tKUJ 
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By a straightforward combinatorial c;ornputation one can check directly from the 
definitions that the following formula holds: 

(10) d{iKL) = ioKL + {-l)''-UKdL + {-1)''[K, L]a 
Moreover it is obvious that 

(11) d[K,LU = [dK,LU + {-l)''[K,dLU 

We have to show that (6) equals (7). This follows now by using (8), twice (9), twice 
(10), (11), and dd = 0. 

That the Frolicher-Nijenhuis bracket defines a graded Lie bracket follows now 
from the fact that £ : C(Der(A), Der(A)) ->■ Der(C(Der(A), A)) is injective. □ 

5.8. Lemma. For K G C''(Der{ A), Der{ A)) and L G C\Der{A),'DeT{A)) we have 

[CK,tL] = ^{[K,L]) - {-lf^'-^^C{iLK), or 
[iL,CK]=C{iLK) + {-lfi{[L,K]). 

Proof. The two equations are obviously equivalent by graded skew symmetry, and 
the second one follows by inserting the following formulas, all from 5.7: expand the 
equation by (4), (2), and use then (10). □ 

5.9. Remark. As formal consequences of lemma 5.8 we get the following fomulae: 
For Ki G C'='(Der(A),Der(A)) and S C'='+i(Der(A), Der(A)) we have 

(1) [£/fi + «Li , + «L2] = 

+ i([Li,L2]^ + [Ki,L^\ - {-lf^'''[K2,L^\) . 

Each summand of this formula looks like a semidirect product of graded Lie alge- 
bras, but the mappings 

i : C(Der(A), Der(A)) ^ EndK(C(Der(A), Der(A)), [ , ]) 
ad : C(Der(A), Der(A)) ^ EndK(C(Der(^), Der(A)), [ , ]^) 

do not take values in the subspaces of graded derivations. We have instead for 
K G C'=(Der(yl),Der(A)) and L G C'+i(Der(A),Der(A)) the following relations: 

(2) iL[Ki,K2] = [iLKi,K2] + [Ku^lK2] 

(3) [K,[L,,L2n = [[i^,£i],L2]^ + (-1)'='=^^!, [^,^2]]^- 

- ((-l)'='=i[i(Li)if,L2] - (-l)('=+'=i)'=ni(L2)if,Li]) 
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The algebraic meaning of these relations and its consequences in group theory have 
been investigated in [19]. The corresponding product of groups is well known to 
algebraists under the name 'Zappa-Szep'-product. 

Moreover the Chevallcy coboundary operator is a honioniorphism from the Pro- 
licher-Nijenhuis bracket to the Nijenhuis-Richardson bracket: 

(4) d[K,L] = [dK,dL]^ 

Proof. (1) follows from repeated applications of 5.8. It is easy to show that the 
images under C of both sides of (2) coincide, using 5.8, then we jus note that 
C is injective. For (3) it is again easy to show that the images under i of both 
sides coincide, again using 5.8; also i : C{Dei{A),Der{A)) — > Der(C(Der(A),^)) is 
injective. 

(4) follows from 5.7,(2), (10), and (11), and from 5.4. □ 

5.10. The graded differential subalgebra Cz{A){DG^{A),Dei{A)). Clearly a 
derivation e Der(C(Der(A), A)) for K S C''(Der(yl), Der(A)) maps the graded 
differential subalgebra Cz(a)(Dg^{A),A) into itself if and only if K is skew Z{A)- 
multilinear, i.e. 

^eCz(A)(Der(A),Der(A)) 
K{ziXi, . . . , ZkXk) = zi... ZkK{Xi, Xk) for all Zi e Z{A) and Xi G Der(A). 

Then also the Lie derivation Ck respects Cz(A)(Der(A), and so the closed 
linear subspace Cz(A) (Der(A), Der(A)) is a graded Lie subalgebra for both brackets 
[ , ]^ and [ , ], and all formulas in this section continue to hold. But note 
that in the simpler formula 5.7.(2), although [K, L] is Z(y4.)-multilinear, none of the 
three summands is in Cx(A) (Der(A),Der(A)). The same applies to 5.7.(4). 

5.11. Remark. U K e C^{Der{A),Ber{A)) = L(Der(A), Der(A)) then formula 
5.7.(1) boils down to 

{K,K]{X,Y) = 2{ [KX, KY] - K [KX, Y\-K[X, KY] +K^[X,Y\). 

So if [K, if] = then the image of i^T is a Lie subalgebra of Der(j4). If K is moreover 
a projection, K o K = K, then also the kernel is a Lie subalgebra. In this case one 
could view K as a 'connection' and could say that the kernel and the image of K 
are 'involutive subbundlcs' whose 'curvatures vanish', compare with [3], section 5. 
We shall elaborate on this topic in a later paper. 

If K : Der(^) Der(^) is semisimple with [K, K] = 0, then each eigenspace 
of K is also a Lie subalgebra. For if KX = XX and KY = \Y then we get 
{K - Xf[X, y] = and thus K[X, Y] = X[X, Y]. In particular the kernel of if is a 
Lie subalgebra A = 0. 

If moreover K is Z(A)-linear, K e C\^j^^{Der{A), Der{A)) = L»er(A,ODer(^)). 
then the above Lie subalgebras of Der{A) are also .^(A)-submodules. 
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6. Description of all derivations in the 
Chevalley differential graded algebra 

6.1. Insertion operators. The space Hom^(C*'(Der(A), A), ^) is a sort of ^A- 
dual' of CP{DeT{A),A). Let us write (S, ip)A G A for the evaluation of the element 
S e }iomi{CP(DeT{A),A),A) on ^ e CP{DeT{A), A). Note that for a.,b e A 
we have (S, a.(p.6)^ = o.(S,(^)^.6. Then we consider the (closure of the) linear 
subspace 

J2 C\Der{A),A).CP-'(Der{A),A) c Cf(Der(A), A) 

0<i<p 

and its annihilator 



Annf(Der(v4),A) : = ^ C" (Der(^), (Der(A), A) 

V 0<j<p 




C Romi{CP{DeT{A),A),A), 

and set 

Ann^(Der(A), A) = Honi^(Ci(Der(A), A), A), 
Ann°(Der(A),A) = Der(A). 

For S e Ann^(Der(A), A) we consider the 'insertion operator' 

is : C*(Der(A), A) ^ C*-P{Dei{A), A), 

p times 

which is a derivation of degree —p satisfying i^lC (Dei{A), A) = ioi q < p, since 
S is an A-bimodule homomorphism and annihilates all 'small' products. 

More generally let K e C''(Dor(A), AnnP(Dcr(A), A)) be a bounded skew sym- 
metric A;-linear mapping Dcr(yl)'^ Ann^(Der(A), A). Then we define the bounded 
linear mapping ik ■ C\T)ev{A),A) C^+^'P {T)ev{A) , A) by iK|C«(Der(A), A) = 
for q < p, and by 

(1) {lKUj){Xi,...,Xi+k-p) = 

= fc! signa.{K{Xai,...,X^k),(^{ , X^(fc+i), • • • 

Lemma. Ik is a derivation of degree k — p, ix & Derfe_p(C*(Der(A), A)). 
Proof. Clearly one may write 

(2) {iKUj){Xr,...,Xi+k-i) = 

ii<---<ik 

,Xi, . . . ,Xi^, . . . ,Xi2, . . .))a- 

^ — V — ' 

p times 
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Using expression (2) one may check directly that then we have 
(3) [ix, Ik] = iK{x,... ) = HxK for any X e Der(A). 

Prom (3) it is easy to prove that for ip e C™(Der(^), ^) and ip e C"(Der(^), A) 
we have 

by induction on fc — p + to + n, for each fixed p. □ 

6.2. Proposition. Let D e Derfe(C(Der(yl), ^4)) be a graded derivation. Then 
there are unique Kq e C*=(Der(^), Der(A)) = C'=(Der(A), Ann°(Der(^), A)) and 
Kp e C'=+P(Der(A), Ann^'(Der(A), A)) for p= 1,2,... such that 

OO 

D = Cko 

p=i 

Note that on each fixed component C'(Der(j4), A) this is a finite sum. 

Proof. Let D E Dcri;(C(Der(^), A)) be a graded derivation. Then the restriction 
D\A of D to A = C^(Der(A), A) is an element of 

Ko := D\A e Der(A,C''(Der(^), A)) = 

= Der(Ais'kcw(Der(^),A)) = 

= L,\,^(Der(yl),Der(AA)), by 2.13 
= C''(Der(A),Der(A)). 

By 5.5 we have the Lie derivation Ck„ G E)erfc(C(Der(A). A)) which coincides with 
DonA = C°(Der(A),^), so that the difference D - Cko Derfc(C(Der(y4), A)) is 
a graded derivation with {D — jCko)\^ = 0. So 

Ki := {D - CKo)\C^(DeT{A),A) e Romi{C\DeT{A),A),C''+\Der{A),A)) 

= Hom^(i(Der(A), A), L^+l{Der{A), A)) 
= iskU(Der(A),Hom^(L(Der(A),^), A)) by 2.13 
= isiw(Der(A),Anni(Der(A),A)) 

By 6.1 we get a derivation : C{Dev{A),A) C(Der(^),A) and the difference 

D - Cko - € Dcrfc(C(Der(A), ^)) now vanishes on A = C"(Der(A), ^) and 
C^(Der(A), yl). Thus the restriction is an A-bimodulc homomorphism 

{D - Cko - iKj\C^{J^ei{A),A) : C^{Dev{A),A) -> C''+^{Dev{A),A)) 

vanishes on all products of 1-forms. If we consider 

K2 := {D - jCko - iK, )\C^ (Der(A), A) e Hom:t (Der(A) , A) , C^+^ (Der(A), A)) 
= Homl(C2(Der(A), yl), L,\+^(Der(A), A)) 
= iL"'c'w(Der(A),Hom:|(C2(Der(A),^), A)) by 2.13, 
= C'=+2(Der(y4),Ann2(Der(A),yl)), 
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then by lemma 6.1 we have a derivation i^c^ G Derfc(C(Der(A), A)) which vanishes 
on C9(Der(A), A) for q = 0,l and coincides with D - Cko - hii on C2(Der(A), A), 
so the derivation D — Ckq ~ iki ~ vanishes on C (Dor (A), A) for q = 0,1, 2, 
and we may repeat the process. □ 

6.3. Remarks. If we try to expand the graded commutator [ix, ih] using 6.2, the 
resulting formulas are too complicated to be written down easily: we should invent 
new notation. We refrain from doing this since we also have no use for it. 

For K e C"=(Der(A),Anni(Der(A),A)) we get = Cj^\A, where K G 

C'=(Der(^),Der(A)) is given by K{Xi, . . . ,Xk){a) = K{Xi, . . . ,Xk){da). The 
higher order part in the expansion of [ik, d\ according to 6.2 does not vanish, and 
it can be written down in principle. 

If we want to classify all derivations in Der(C2(^) (Der(A), A)) we can just repeat 
the developpment in this section, but have to replace Aim'' [Dei (A), A) everywhere 
by the annihilator 

Ann^(^)(Der(^),^):= I ^ C^(^) (Der(^), (Der(A), A) 

\o<i<p 

CHom^(C|(^)(Der(A),A),A), 
Ann^(^)(Der(yl), A) = Hom^(Ci (Der(A), A)), 
Ann|(^)(Der(A),>l) = Ann°(Der(A), A) = Der(A). 

7. Diagonal bimodules 

7.1. The differential graded algebra f2Der(A)- By the universal property of 
{Cl*{A), d) there is a unique bounded homomorphism of graded differential algebras 

A 01(A) 02(A) ... 

I 

A Ci(^)(Der(A),A) C|(^)(Der(A), A) ■.■ 

which is given by 

(aw)(Xi, ...,Xk)= jx, . ..jx.oj G O0(A) = A, 
for w G O'^(A) and Xi G Der(A). The kernel of C is the space 
FiO*(A) = 0FiO*=(A) 

F^n''{A) = {w G 0'=(A) : jx, . . .jx.t^ = for all X, G Der(A)}, 

see [6], which is a closed graded differential ideal in (0(A), cZ) by a short computa- 
tion. It is part of an obvious filtration which leads to a spectral sequence, see also 
[6]. The image of the homomorphism C is denoted by {VL'^^^{A) , d) and it will be 
equipped with with the quotient structure of a convenient vector space, which is a 
finer structure than that induced from C2(A)(Der(A), A). 

Note that ODer(A) is not functorial in A in general; its convenient structure 
makes it useful as a source for constructions. 
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7.2. Derivation based bimodules. The space ^^^^.(yl) = il'^{A)/{uj e Cl^{A) : 
jxto = for all X e Dei {A)} has the following remainder of the unversal property 

3.3. (1): 

(1) For any bounded derivation X : A ^ A there is a unique bounded A- 

bimodule homomorphism ix ■ fll^^j.{A) A such that X = ix ° d. 

We now say that an ^-bimodule M is a derivation-based A-bimodule if the following 
property is satisfied: 

(2) For any bounded derivation D : A ^ M there is a bounded A-bimodule 
homomorphism id ■ ^l\,^^{A) M such that D = in o d. In fact, if 
exists it is unique since the image of d generates Cl]j^^{A) as A-bimodule. 

By the universal property 3.3.(1) of fl^{A) condition (2) is equivalent to the follow- 
ing: 

(3) ilomi{n\A),M)=Romi{n^^^^{A),M). 

It is obvious that for an arbitrary index set J the direct product A"^ with the product 
A-bimodule structure has property (2), and also each of it's sub A-bimodules. Let 
us call a diagonal bimodules any A-bimodule which is isomorphic to a submodule 
of some product A^ . So all diagonal bimodules are derivation based. 

7.3. Proposition. An A-bimodule K is diagonal if and only if the A-duaV 

Hom^(ii', A) separates points on K. For each A-bimodule M there exists a univer- 
sal diagonal quotient pu '■ M — » Diag(M) such that each bimodule homomorphism 
from M into a diagonal bimodule K factors over Diag(M) ; 

M > K 

PM 

Diag(M) > K 

Let Bimod be the category of all A-bimodules and let Diag denote the full subcategory 

of all diagonal A-bimodules, with u : Diag —> Bimod the embedding and Diag : 
Bimod :^ Diag the functor from above. Then Diag is left adjoint to l, i.e. we have 
the following natural correspondence: 

Hom:t(Diag(M), K) ^ Hom:^(M, lK) 

Thus the functor Diag respects colimits, whereas l respects limits, and the category 
Diag is com,plete: products and submodules of modules in Diag are again in Diag. 

Proof. The vector space Hom^(A'^,A) clearly separates points on A"^ , so this is 
also true for each sub bimodule of A"^ . For an arbitrary A-bimodule M we consider 
the following homomorphism of A-bimodules: 

M ^ AH-^(^.^), M 9 m ^ (^(m)),,Hon.l(M,^) e AH°<(^'^), 

and we denote by Diag(M) the image of pM, an diagonal A-bimodule. If the 
vector space Hom^(M, A) separates points on M then pM is injective and M is 
diagonal. The kernel of p is given by ker(pM) = {m & M : (f{m) = for all € 
IIom;^(M, A)}, and obviously any homomorphism M ^ K into a diagonal A- 
bimodule K vanishes on ker(pM) and thus factors over pm- 

The remaining statements follow by basic category theory. □ 
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7.4. Examples. We have Diag(ni(A)) = Q^^^^iA), since any homomorphism 
il^{A) A corresponds to a derivation A^ A and thus factors to a homomorphism 

Obviously wo have Diag(A) = A, but let us consider Diag(A®A). We have 
B.om.'X(,A®A, A) ^ A by 9? i-> (^(1 (gi 1), so ker(p^^^ : A® A —>■ I)i&g{A^A)) consists 
of all 

(l) J2n (^n^bn € A^A which satisfy J2n o-n-c-bn = for each cG A. 
Taking c = 1 in (1) we see that ker{pAiS)A) C fl^{A), and for each element in (1) we 
have 

a„(g)6„ = ^ a„ dbn, 

n n 

«ad(c) ^ a-n dbn = ^ an.{c.bn - bn-C) = 0, 
n n 

SO that kcilpArgiA) is the subspacc of all elements in fl^{A) which 

arc horizontal with respect to Int(yl). sec 3.5. 

Wc also sec that 1(8)0 — 0(8)1 € ker(p^|||^) if and only if a G Z{A), so that p^^^ 
factors as follows: 



(2) 



A^A A^z{A)A Diag{A^A). 



Since Diag is a left adjoint functor, it is right exact, and we get the following 
diagram with exact rows and exact columns: 







F^n\A) 



fl\A) 







^^{A)H-Int{A) 



A^A 



Diag(Ai8)A) 



^Der(^)i?-Int(A) 






From this and the factorization (2) it follows, that for commutative A we have 
Diag(A(8)A) = A. 

7.5. Lemma. Over the algebra Matjv(C) of complex {N x N)-matrices every 
bimodule is diagonal. 

Proof. It is well known that every irreducible left MatAc-module is isomorphic to 
C^, and that every left MatAr-module is semisimple. From this by transfinite 
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induction one can show that every left MatAr-module L (with its finest locally 
convex topology) is isomorphic to the direct sum of copies of C''^, L = (gi E for 
a vector space E. 

Now let M be a Matjv-bimodule. As a left MatAr-module we have M = ®E. 
Take a minimal projection p G Matjv, then p.M = Cv ^ E = E is & right Mat^v- 
module. By the argument above, as a right MatAr-module we have E = K ■ 
Thus 

M ^ O if (C^)* ^ (8> (C^)* <g)K^ Matjv c Matjv ^- □ 

8. Derivations on the differential graded algebra ODer(^) 

8.1. Theorem. Let A be a convenient algebra. Then we have the following boun- 
ded canonical mappings, where on the left hand side all mappings are homomor- 
phisms of graded differential algebras 

Vt*{A) T)ev{A,W(A)) 



Cx(^)(Der(A),A) T,ev{A,Cz(A){^ev{A),A)) = Cz(^)(Der(^),Der(A)) 



C(Der(A),A) T>ev{A,C{T)ev{A),A)) = C (Der (A), Der (A)) 

Then for every element K of degree k in one of the right hand spaces there is a 
canonical graded derivation ix (resp. Jk) of degree k — 1 on the corresponding left 
hand space which vanishes in degree 0; this corresponds to the graded Lie bracket 
[ , ]^ on the right hand spaces. There is also the corresponding Lie derivation 
C^K of degree k on the left hand space, which leads to the Frdlicher-Nijenhuis bracket 
[ , ] on the right hand space. The vertical arrows intertwine all this derivations 
and the right hand ones are homomorphisms for all brackets mentioned. 

The proof of this theorem will fill the rest of this section 8. 

8.2. Let D G Deiki^ueii^)) a derivation which vanishes on A = il.^^^{A). Then 
by setting K := {D\Cl^^^{A)) ode Der{A, 0^+^(A)) we have 

(1) D{iJo . . . = 5^(-l)''=(a;o) . . . {cJi) . . . {ui), 

so D is uniquely determined by D\Cl^^^{A), so by ii". 

Conversely, let K £ Dct{A,D,'^^{A)) and consider the corresponding homo- 
morphism Jk G Rom^ifl^ (A) , fl'^^ (A)) with jk ° d = K. We extend it to 
jK ■ fl'^^{A) by the right hand side of the universal analogon of (1), 

i.e. 

(2) jK{uJo^A---<E>u^i) =^{-iykC{uJo)...jK{oJi)...CiiJi) 

Then Jk is a graded derivation of degree k along We are going to show that Jk 
factors to il^^j.{A), but we need some preparation. 
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8.3. For X e Dcr(A) ^ Ylom.j^{Q} [A) , A) ^ 'Rom.j^{nl,^^{A) , A) we clearly have 
the following factorization: 

n*{A) fl*-'^{A) 
C ( 

C*(^)(Der(A),A) C*(^)(Der(A), A) 

For K G Der(A, let us consider the 'graded commutator' 

ix~jK - {-ifmjx ■■ ^*{A) ^ ^*+J:{A) 
It is still a graded derivation along ^, and by applying 8.2 we see that 

ix'jK - {-'^f~3K3x =jix,K]^ 
for [X,Kf eI)eT{A,n'^+J{A)), 
[X,K]^{oj) = ixK{u;) - JkUxoj) = {ix o K)iu;). 

8.4. Lemma. For K e Bct{A, n'^J{A)) we have j k (F^ {^^ (A))) = for all I. 

Proof. We do induction on I + k. For / = we have F-^{A) = 0, so the asser- 
tion holds. If A; = -1 then K = X G Der(A) and we have jxiF'^i^'iA))) = 

ajxiFHn^{AmcaFHn\A))) = o. 

Now for the induction step we take (p € F^{n'-{A)), so that jxi ■ ■ -jxi^ = for 
all Xi e Der(A). Prom 8.3 we get 

ix3K f = {-i)''jK{jx'p)+jixoKiP = 0, 

by induction: the first summand vanishes since jxf £ F^Q,''~^{A), and the second 
summand vanishes since ix ° K G Der(j4, il^^^{A)). □ 

8.5. Corollary. For each k the A-himodule ^'^^^{A) is a derivation based bimod- 
ule. 

Proof. By the unversal property 3.3.(1) and from 8.4 we get 

Bev{A,n'^,M)) = tiomi{n\A),n'^,M)) ^ Hom^(fi^,,(A), i^^,,(A)). □ 

This result also follows from the fact that Q^^^{A) is a sub A-bimodule of a 
direct product A"^ , i.e. a diagonal bimodule, see the last remark in 7.2. By the 
same reason the bimodules C'^(Der(A), A) and (7^^^^(Der(A), A) are also diagonal 
bimodules, thus derivation based A-bimodules. 
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8.6. Insertion operators. For any K G Der(A, Ol^^l^A)) wo may now define the 
insertion operator ik G Der(npgj.(A)) by the the following factorization which is 
due to lemma 8.4: 

( 

Prom 8.2 we may now conclude that any derivation D e Der(nj3gj.(A)) with D\A = 
is of the form ik for a unique K G Der(A, fl'^^{A)). 

For K,L € Der(A, fl^ej.{A)) of degree k+1 and I + 1, respectively, we have 

[ix, «l] =iKiL- ix = i[K,L]^, where 

[K,L]^=iKoL- oK:ft\A)^ ^ntl^\A) 

8.7. Lie derivations. For K e Der(^, ^^^^.(A)) we define the Lie derivation 
along K by 

Ck = [iK, d]^iKd- i-l)''-'diK € Derfe(J7£,,,(A)). 
Similar as in 4.3 one sees that Cid = d. 

8.8. Proposition. For any graded derivation D e 'DeTk{Vl'^^^{A)) there are unique 
K G Der(Af2Der(-4)) and L e Der(^, sMc/i i/iai 

D = CK + iL. 

We have L = if and only if [D, d\ = 0; and K = if and only if D\A = 0. 

Proof. D\A : A — ^.^^^^.{A) rt'l)^j.{A) is a derivation with values in the derivation 
based A-bimodule n'l,^j.{A) (7.2), so by the universal property 3.3.(1) and by 8.5 
there is a unique K € Der(A, f^Der(^)) with D\A = K. But then {D - Ck)\A = 0, 
so by 8.6 we have D — Ck = ih for a unique L e Der(A, f2p"^^^(A)). □ 

8.9. The Frolicher-Nijenhuis bracket. For K e Der(A, l]^g^(A)) and L € 
Der(j4, il\^^^{A)) the graded commutator of the Lie derivations [Ck, Cl] commutes 
with d, so by 8.8 we have [Ck,Cl] = C[k,l] for unique [K,L] e Der(A, l]o+^(A)). 
We may conclude that this bracket [ , ] defines a graded Lie algebra structure 
on Der(j4, il'^^^{A)), because the mapping C is injective. This bracket is called the 
Frolicher-Nijenhuis bracket. 

8.10. For K G Der(^,r2{5)^j.(-4)) we define (K G C|(^^(Der(^), Der(A)) by 

C/l'(Xi,...,Xfe) ■.= ix^o...oix,oK -.A^A 

If we denote for the moment by ( : i}'^^^{A) C2(^)(Der(A), A) the embedding of 
graded difii'erential algebras, then we have 

CoiK = icKoC: - C';|i)"'(Der(A), A), 

So the elements L G C2(^)(Der(A),Der(A)) for which il maps the graded sub- 
algebra Q'^^j.{A) into itself are precisely those of the form L = QK for some 
i^GDer(Af^Lr(^))- 
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8.11. Proposition. The injective bounded linear mapping 

C : Der(AOJ,,,(A)) ^ Q(^)(Der(A), Der(A)) 

is a homomorphism for both brackets [ , ]^ and [ , ]. If we denote for the mo- 
ment also by ( : ^^^^.{A) C^j^^) (Der(A), A) the embedding of graded differential 
algebras, then we have 

CoiK=HKoC, CoCK = CiKoC-- ^heM) ^ CJIcA) (Der(^), A), 

so all the formulas from section 5 continue to hold on Der(A, ^^^^.(A)). 
Proof. This is obvious from the considerations above. □ 

8.12. For K G 'Dev{A,D.''{A)) we consider Cfeo/C e Der(A,C|(^)(Der(^), A)), and 
the corresponding element 

UK) G Cz(A){^ev{A),T,ev{A)) ^ Der(^,C|(^)(Der(A), A)) 

then we have: 

Lemma. For lo e fl'^{A) and K e Der(A, Q.^{A)) we have 

(1) iCk{K){Cq'^) = Cg+fc-lO'ifW). 

Proof. Both sides, 

k.{K) C, C o : ^*{A) ^ C;|j^-HDer(A), A), 

are derivations over C, : Q.{A) — > Cz(A)(Der(j4), ^4), a homomorphism of graded 

differential algebras, and both vanish on ^ = Vf'{A), thus it remains to show that 
they are equal on ri^(M). But for u G H^{A) we have by 5.2.(1) 

(i^,(K)(Ci'^))(^i, • • • = (Ciw)(ai^(^i, • • • ,^fc)) 

= 3{CuK{X^,...,Xk))'^ 

= jXfc ■■■jx^jKUJ 

= Ck{jKUj){Xi,...,Xk) □ 

8.13. Corollary. Jbr G Der(^,0(A)) and u> G fi(^) we have: 

(1) C([^,i']^) = [C{K),(:{L)Y' for the algebraic brackets. 

(2) (Cxi^ = ^c(K)C^ for the Lie derivations. 

(3) 1{[K,L\) = [C,{K)X{L)] for the Frdlicher-Nijenhuis brackets. 
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9. The differential graded algebra flout{A) 

9.1. The differential graded algebra fiout(^)is the subspace of ah forms u) € 
fiDer(^) which are basic with respect to to all inner derivations of A. In more 
detail: 

For a E A let ad(a) : A ^ A he given by ad(a)& = [a, b] = ab — ba. Then the 
space Int(A) of all these inner derivaiions ad(a) for a € ^ is an ideal in Der(A), and 
the quotient Out(/l) = Dcr(/1)/ Int(v4) is called the Lie algebra of outer derivations. 

Then we define Oq^^(A) to be the set of all w G ^^^^^{A) which satisfy iad(a)W = 
and £ad(o)'^ = for all a & A. It is easily seen to be a differential graded subalgebra. 

9.2. Lemma. The homomorphism ( : ^r)er{A) Cx(A)(Der(A), A) is part of the 
following commutative diagram 

^Uer{A) Cz(A){'Dev{A),A) . C(Dev{A),A) 

I I 1 

Oout(^) CziA){Ont{A),Z{A)) > C{Out{A),Z{A)) 

where in the lower row we have the graded differential subalgebras of those element 
which are basic with respect to all inner derivations of A. 

Proof. Clearly the homomorphisms in the upper row of the diagram map ele- 
ments which are basic with respect to all inner derivations to themselves. It 
just remains to check that in C2(a) (Der(j4), A) and in C(Der(A),A) these ele- 
ments form the sets Cz(A){Ont{A), Z{A)) and C{Out{A), Z{A)), respectively. Let 
CO G C2(A)(Der(A), A) or C(Der(A), A) be basic. Since iad(a)^ = for all a £ A, the 
skew symmetric multilinear mapping C('^) ^ Der(yl)' — > A factors to Out (A) — > A. 
By formula 5.6 we have 

= adia){u{Xi, ...,Xi)- . . . , [ad(a), X,], . . . , X,) 

= ad(a)(a;(Xi,...,X;)-0 

for all a £ A, since [ad(a),Xj] G Int(A). But this means that w has values in 
Z{A). □ 

9.3. Proposition. The graded differential algebra {Cz{A){Ont{A), Z{A)),d) is 
Morita invariant. 

Proof Z{A) = HH^{A;A) and Out(A) = HH^{A;A), where HH*{A;A) is the 
Hochschild cohomology of A with values in A, and also the action of Out(A) on 
Z{A) is described via Hochschild cohomology. Since Hochschild cohomology is 
Morita invariant, the result follows. □ 
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